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We define an iterative procedure to obtain a non-abelian generalization of the Born-
Infeld action. This construction is made possible by the use of the severe restrictions
imposed by kappa-symmetry. We have calculated all bosonic terms in the action up to
terms quartic in the Yang-Mills field strength and all fermion bilinear terms up to terms
cubic in the field strength. Already at this order the fermionic terms do not satisfy the
symmetric trace-prescription.
1. Abelian Born-Infeld
One of the most intriguing features of D-branes is their close connection to gauge
theories. Indeed, the effective theory describing the world-volume dynamics of a
Dp-brane is a p + 1–dimensional field theory with, in the static gauge, as bosonic
degrees of freedom the transversal coordinates Xm (m = 1, · · · , 9− p) of the brane,
and the massless states of the open strings ending on the brane which appear as a
U(1) gauge field describing p− 1 degrees of freedom. When these fields vary slowly,
the effective action governing their dynamics is known to all orders in α′. It is the
ten-dimensional Born-Infeld action 1, dimensionally reduced to p+1 dimensions. In
the supersymmetric case there are additional fermionic degrees of freedom χα (α =
1, · · · 16) describing 8 fermionic degrees of freedom so that we have a total of 8 + 8
degrees of freedom.
Clearly, the 9 − p transversal scalars break the 10-dimensional Lorentz covari-
ance. The fully covariant worldvolume theory of a single D-brane in a type II theory
can be formulated in terms of the following worldvolume fields a: the embedding
a The indices µ, ν = 0, . . . , 9 are spacetime indices whereas the indices i, j = 0, . . . , p label the
worldvolume coordinates σi.
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coordinates Xµ(σ) (of which only the transverse coordinates represent physical de-
grees of freedom), the Born-Infeld vector field Vi(σ), and N = 2 spacetime fermionic
fields θ(σ). The presence of a local fermionic symmetry (κ-symmetry) makes it pos-
sible to gauge away half the fermionic degrees of freedom. The field content then
corresponds, in a static gauge, to that of a supersymmetric Yang-Mills theory in
p+ 1 dimensions describing 8 + 8 degrees of freedom.
In this talk our main emphasis will be on the IIB D9–brane. This case is special
in the sense that, for p = 9, there are no transverse scalars and the worldvolume
theory is given by a D=10 supersymmetric Maxwell multiplet (Vµ, χ). The bosonic
part of the action is given by the ten-dimensional Born-Infeld Lagrangian 2,3
L(bosonic) = −
√
−det (ηµν + 2πα′Fµν) . (1)
Expanding the square root this action gives rise to an infinite number of terms with
even powers of F . The term quadratic in F is the usual Maxwell kinetic term.
In the supersymmetric case every Fn term gets a supersymmetric partner and
the complete action has the schematic form
L(supersymmetric) = trF 2 + (2πα′)2[trF 4 − 14(trF 2)2]+ · · ·
+ χ¯∂χ + (2πα′)2 F 2χ¯∂χ+ · · ·
The fermionic F 2χ¯∂χ terms were found in 4,5 from the requirement that the action
must possess a linear supersymmetry. Complete results were obtained in D=4
dimensions via superspace techniques 6.
Recently a new development took place which led to a construction of the com-
plete supersymmetric Born-Infeld action. A crucial role in this development was
played by kappa-symmetry. The kappa-symmetric covariant D-brane actions were
constructed in flat 7, as well as in curved backgrounds 8,9.
Schematically, the kappa-symmetric Lagrangean is given by b
LBI = −e−φ
√
−det (g + F) + CeF , (2)
with F = 2dV +B. The first term is often called the kinetic term whereas the second
one is the Wess-Zumino term. It is understood that all NS-NS background fields
g, φ,B and all R-R background fields C are superfields defined over a superspace
with coordinates (Xµ, θ). The local κ-symmetry acts on the fermions as
δθ¯(σ) = η¯(σ) ≡ κ¯(σ) (1 + Γ) , (3)
where Γ, which depends on worldvolume as well as background fields, satisfies
Γ2 =  . (4)
b From now on we set 2piα′ = 1.
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The projection (3) makes it possible to gauge away half the fermionic degrees of
freedom. The variation of the D-brane action takes the form
δL = −η¯ (1− Γ)T , (5)
where T is some expression in terms of the worldvolume and background fields. The
variation (5) indeed vanishes if η¯ is given by (3). This variation has the following
source: the first term within the round brackets comes from the kinetic term in (2),
the term with Γ arises from the Wess-Zumino contribution.
From the above it is clear that a crucial role is played by the projection operator
1 + Γ(X,F). In the case of the IIB D9–brane the F -independent part Γ(0)(X) of
Γ(X,F) is given by
Γ(0)(X) =
1
10!
√− det g ǫ
i1...i10γi1...i10 ,
(
Γ(0)(X)
)2
=  . (6)
The worldvolume metric reads
gij = ηij + θ¯γ(i∂j)θ , ηij ≡ ∂iXµ∂jXµ , (7)
and
γi ≡ Γµ∂iXµ . (8)
The complete expression for Γ(X,F) is given by 9
Γ =
√− det g√
− det(g + F)Γ
(0)
5∑
k=0
1
2kk!
P(k)γi1...i2kFki1...i2k , (9)
where
P(k) = σ1 (for k = 1, 3, 5) , P(k) = iσ2 (for k = 2, 4) . (10)
The Pauli-matrices refer to the fact that we are using an N=2 superspace notation.
It was realized in 7 that for the special case of a IIB D9–brane in a flat back-
ground, the results take on a particularly simple form. We consider a flat back-
ground, i.e. we take eµ
a = δµ
a and all other fields zero. Furthermore, we fix
the kappa-transformations and worldvolume parametrizations (we choose the static
gauge) by setting
Xµ = δiµσi , θ =
(
θ1 ≡ χ
θ2 = 0
)
. (11)
The result of this gauge-fixing is that the complete Wess-Zumino term vanishes and
the kinetic term is given by the simple expression 7
LBI = −
√
−det (ηµν + Fµν + χ¯Γµ∂νχ+ 14 χ¯Γa∂µχχ¯Γa∂νχ) . (12)
This action has 16 linear supersymmetries as well as 16 nonlinear supersymmetries.
The explicit form of these supersymmetry rules can be obtained from the original 32
supersymmetries of the N=2 superspace after taking care of the fact that they get
deformed with a field-dependent kappa-transformation upon fixing the kappa-gauge.
Our goals, which we will discuss in this talk, are two-fold:
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(1) We want to find the non-abelian version of the projection operator 1 + Γ.
One application we have in mind is that knowing the explicit expression of
Γ enables us to investigate non-abelian BPS configurations. The condition of
supersymmetry for such configurations is given by (1− Γ)ǫ = 0 10.
(2) A second, and more ambitious goal is to construct the non-abelian super-
symmetric Born-Infeld action by the use of the severe restrictions of kappa-
symmetry as suggested in 13. We restrict ourselves to a flat background for
reasons to be discussed later (see the comments section). Non-abelian N=2,
D=4 supersymmetric Born-Infeld actions (with a symmetrized trace condi-
tion) have recently been constructed in 11,12.
It should be stressed that we only discuss the IIB D9–brane. We expect that
at least some of the structure of the lower-dimensional branes can be obtained
by applying T-duality 14,15. These lower-dimensional cases have the additional
complication that they contain non-trivial transverse scalars. It is an open question
what kind of “D-geometry” these scalars are supposed to describe 16,17.
2. Non-Abelian Born-Infeld
In the case of a single D–brane the worldvolume theory, in lowest order in α′ is
given by a supersymmetric Maxwell theory. The result to all orders in α′ is given
by the supersymmetric BI action.
Once several D-branes are present, the situation changes. The mass of the strings
stretching between two branes is proportional to the shortest distance between the
two branes. Starting off with n well separated D-branes, we end up with a U(1)n
theory. However, once the n branes coincide, additional massless states appear
which complete the gauge multiplet to a non-abelian U(n)-theory 18. Contrary to
the abelian case, the effective action is not known to all orders in α′. The first term,
quadratic in the field strength, is nothing but a dimensionally reduced U(n) Yang-
Mills theory. The next order, which is quartic in the field strength, was obtained
from the four-gluon scattering amplitude in open superstring theory 19 and from a
three-loop β-function calculation 20.
The notion of an effective action for slowly varying fields is subtle in the non-
abelian case 1. In the effective action higher derivative terms are dropped. However
because of
DiDjFkl =
1
2
{Di, Dj}Fkl − i
2
[Fij , Fkl], (13)
this is ambiguous. The analysis of the mass spectrum seems to indicate that the
symmetrized product of derivatives acting on a fieldstrength should be viewed as
an acceleration term which can safely be neglected, while the anti-symmetrized
products should be kept.
Different order prescriptions of the non-abelian matrices occurring in the non-
abelian Born-Infeld action have been given in the literature. In 21 a symmetrized
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trace prescription was suggested: the non-abelian Born-Infeld action assumes es-
sentially the same form as the abelian one, however, all Lie algebra valued objects
have to be symmetrized first before taking the trace. Other trace prescriptions,
involving commutators, have been given as well 22.
Recently, it was found that the symmetrized trace prescription could not be
correct as it did not reproduce the mass spectrum of certain D-brane configurations
23,13. It was shown in 24 that by adding commutator terms to the action the problem
might be cured.
For n overlapping D9-branes the completely gauge-fixed result should be the
supersymmetric version of the non-abelian Born-Infeld theory. Since the vector
fields V Ai (σ), A = 1, . . . , n
2, are in the adjoint representation of U(n), we have
to make the same choice for the fermion fields θ. Therefore we start out with
fields θA(σ), which form a doublet (N = 2) of Majorana-Weyl spinors for each A,
satisfying Γ11θ
A = θA. After κ-gauge-fixing only half of each doublet will remain,
and we have the correct number of degrees of freedom for the supersymmetric Yang-
Mills theory.
This requires, that there are as many κ-symmetries as θ’s, so that also the
parameter of the κ transformations will have to be in the adjoint of U(n). Thus
the θA transform as follows under ordinary supersymmetry (ǫ), κ-symmetry (κ),
Yang-Mills transformations (ΛA), and worldvolume reparametrisations (ξi):
δθ¯A(σ) = −ǫ¯A + η¯A(σ) + fABCΛB(σ)θ¯C(σ) + ξi(σ)∂iθ¯A(σ) , (14)
with η¯A ≡ κ¯B( δBA+ΓBA). Here ǫA are constant, ΓAB depends on the worldvolume
fields, and therefore on σ. It must satisfy
ΓABΓBC = δAC  . (15)
Useful information is obtained by considering commutators of these transfor-
mations. Because ǫA is constant we find from the commutator of Yang-Mills and
supersymmetry transformations that
fABCΛ
BǫC = 0→ fABCǫC = 0 . (16)
Therefore ǫ = ǫATA, where TA are the U(n) generators, must be proportional to
the unit matrix, i.e. we can choose a basis in which there is only one nonvanishing
ǫ parameter. So only a subset of the θA transform under supersymmetry, and there
is only one independent supersymmetry parameter. The θ’s which are presently
inert under supersymmetry will obtain their supersymmetry transformations after
κ-gauge fixing.
The only spacetime scalars we have are the embedding coordinates Xµ(σ) for
worldvolume directions. There are several options that one could consider for the
Xµ:
1. We could assume that we are in the static gauge, i.e.
Xµ(σ) = δµi σ
i , (17)
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from the beginning, so that the Xµ are absent. In this case there are no
worldvolume reparametrisations, i.e. ξi = 0 in (14).
2. We could decide that the Xµ are in the singlet representation of the Yang-
Mills group. The idea is that the n branes overlap, there is only one set
of worldvolume coordinates, and the corresponding reparametrization group
would be sufficient to gaugefix a singlet set of embedding coordinates.
3. We could choose the Xµ in the adjoint representation of Yang-Mills in anal-
ogy with transverse coordinates for p < 9. Here one thinks of starting with
n separate branes where each has its own worldvolume and embedding co-
ordinates. When the branes overlap the embedding coordinates ”fill up” to
form elements of the adjoint representation. Clearly this requires a different
approach towards the world-volume reparametrisation invariance, which must
then correspond to a sufficiently large symmetrygroup to gaugefix all these
embedding functions.
We have investigated the first two possibilities in the non-abelian case, and we have
found that only the first approach is consistent with the iterative procedure that
we employ.
Our strategy will be to construct a kappa-symmetric action via an iterative
procedure. We found that the flat background expressions of the abelian NS-NS
and R-R fields cannot be generalized to the non-abelian case while remaining YM
singlets. We therefore decided to make the most general Ansatz for the action and
to require kappa-symmetry, order by order in F and up to terms quartic in the
fermions. The iteration is obtained by expanding Γ and T in the variation (5) order
by order in F :
δL = −η¯ (1 − (Γ0 + Γ1 + . . .))(T0 + T1 + . . .)
= −η¯ (T0 − Γ0T0 + T1 − Γ1T0 − Γ0T1 + . . .) , (18)
where the subindices reflect the order in F . We completed this procedure up to
variations of the action quadratic in F . Due to lack of space we give the result,
both in its kappa-symmetric as well as in its gauge-fixed form, not here, but in a
forth-coming publication 25.
3. Comments
We have been able to embed a D=10 supersymmetric U(n) YM theory (up to
terms in the action quartic in F ) into a kappa-symmetric system. In particular,
we find fermionic terms of the form [F 2, χ¯] ∂χ which violate the symmetrized trace
prescription.
We hope that our partial results will contribute to a better understanding of the
non-abelian Born-Infeld action and perhaps may lead to the complete answer like
in the abelian case. In this respect it is of interest to remember that the abelian
expression (9) for Γ(X,F ) can be written as 10
6
Γ(X,F ) = e−a/2Γ(0)(X)ea/2 , (19)
with
a = 12YijΓ
ijσ3 . (20)
The matrix Y is related to the matrix F by a so-called “tan” relation defined in 10:
F = “tan” Y . These results were obtained by looking to branes at angles 26,27. Via
T-duality these systems are related to branes with F 6= 0 as we discuss in this talk.
It would be interesting to see whether a similar simple expression can be found for
the nonabelian case
Another approach to find the complete answer could be to use the superembed-
ding techniques developed in 28,29. Finally, yet another way to get the complete
answer could be to extend to the non-abelian case the analysis of 30 where it was
shown how the superworldvolume dynamics of superbranes can be obtained form
nonlinear realizations.
We would like to end by mentioning a few important open issues.
(A) Can the results we obtained be generalized to a supersymmetric curved back-
ground? On the one hand the flat background expressions we find do not fit
into general supergravity background field expressions that are YM singlets.
We do not allow the supergravity fields to be in a nontrivial representations of
the YM group. One possible scenario could be that the D-brane only couples
to the U(1) part of the N=1 supergravity background fields and that the off-
diagonal terms only involve worldvolume fields. The price to pay is that not
all worldvolume fields are on the same footing whereas, at least after fixing
the kappa-symmetries, they should be c.
(B) A somewhat related issue is: is there a natural (non-abelian) superspace ge-
ometry that describes the kappa-symmetric result? It is well-known that, to
describe the abelian kappa-symmetric action, an important role is played by
ordinary superspace geometry. In the non-abelian case we are dealing with
many fermionic coordinates on which just a single N=2 supersymmetry is re-
alized. Usually, introducing more fermionic coordinates, means going to an
extended superspace with extended supersymmetries but this is not the case
in the present situation.
(C) It would be interesting to see what happens when we T-dualize our results
and obtain the worldvolume theory of non-abelian Dp–branes with p < 9.
Our hope is that this will teach us something about the D-geometry which is
involved in describing such systems.
(D) Finally, our results can be used to search for non-Abelian BPS configurations,
i.e. configurations with nontrivial F -terms that take values outside the Cartan
subalgebra.
cWe thank A. Tseytlin for a discussion on this issue.
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